arXiv:math-ph/0503009vl 7 Mar 2005 


Long Time Motion of NLS Solitary Waves in a 

Confining Potential 


B. L. G. Jonsson^’^’* J. Frohlich^, S. GustafsoTf 
I. M. Sigal4’54 

^Institute fiir Theoretische Physik, ETH Honggerberg, Zurich, Switzerland. 

2 

Department of Mathematics, University of British Columbia, Vancouver, Canada. 
3 

The Alfvenlaboratory. Royal Institute of Technology, Stockholm, Sweden. 
^Department of Mathematics, University of Notre Dame, Notre Dame, IN, USA. 
Department of Mathematics, University of Toronto, Toronto, Canada. 

February 7, 2008 


Abstract 

We study the motion of solitary-wave solutions of a family of focusing gener¬ 
alized nonlinear Schrodinger equations with a confining, slowly varying external 
potential, V{x). 

A Lyapunov-Schmidt decomposition of the solution combined with energy es¬ 
timates allows us to control the motion of the solitary wave over a long, but finite, 
time interval. 

We show that the center of mass of the solitary wave follows a trajectory close 
to that of a Newtonian point particle in the external potential V{x) over a long 
time interval. 


1 Introduction 

We consider a family of generalized nonlinear Schrodinger and Hartree equations with a 
focusing nonlinearity. These equations have solitary wave solutions, and, in this paper, 
we study the effective dynamics of such solitary waves. The equations have the form: 

= -Ab(x,f) + V{x)'4){x,t) - f{'ijj){x,t), (1.1) 
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where t G M is time, x denotes a point in physical space, -0 : x R i—C is a (one- 

particle) wave fnnction, V is the external potential, which is a real-valned, conhning, 
and slowly varying fnnction on R"^, and fi'ip) describes a nonlinear self-interaction with 
the properties that /('0) is “differentiable” in -ip, /(O) = 0, and /('0) = /(V')- Precise 
assnmptions on V and / are formnlated in Section |21 

The family of nonlinearities of interest to ns includes local nonlinearities, such as 

f{^) = 0 ^ ^ (^- 2 ) 

and Hartree nonlinearities 

/(V^) = A(<h*|^r)^, A>0, (1.3) 

where the (two-body) potential <h is real-valued, of positive type, continuous, spherically 
symmetric, and tends to 0 as |x| —> oo. Here ^ * g := f <h(x — y)g(y)d‘^y denotes 
convolution. Such equations are encountered in the theory of Bose gases (BEC), in 
nonlinear optics, in the theory of water waves and in other areas of physics. 

It is well known that Eq. (dD has solitary wave solutions when V = 0. Let rjn G 
be a spherically symmetric, positive solution of the nonlinear eigenvalue problem 

-Ari + yri- f{ri) = 0. (1.4) 

The function 77 ^ is called a “solitary wave prohle”. Among the solitary wave solutions of 
(dD are Galilei transformations of 




(1.5) 


where Sap-y is dehned by 

{Sapyij){x) := - a). ( 1 . 6 ) 

Let a := {a,p,'y, y}, where y is as in Eq. (I1.4|l . For to be a solution to (dD with 
V = 0 the modulation parameters, a, must satisfy the equations of motion 

a{t) = 2pt a, p{t) = p, 7 (f) = pt + p^t 7 , p{t) = p (1.7) 

with 7 G S^, a,p G R*^, p G R+. In other words, a satisfy (ll.7|l . then 


solves Eq. (jl.l|l with H = 0. Thus (jl.bjl . with a{t),p{t),'y{t), p{t) as above, describes a 
2(i-|-2-dimensional family solutions of Eq. (Il.l|l with V = 0. Let the soliton manifold, 
Ms be dehned by 

Ms := {SapyPy, : {a,p,'j,p} e x x Ed x 1} , (1.9) 
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where / is a bounded interval in R+. 

Solutions to (Q behave roughly like e as |x| —> oo. So is a reciprocal 

length scale that indicates the “size” of the solitary wave. 

We consider the Cauchy problem for Eq. (EH), with initial condition 'i/jq in a weighted 
Sobolev space. For Hartree nonlinearities, global wellposedness is known [201 • For local 
nonlinearities, the situation is more delicate; see Condition^and RemaTk l2.1l in Sections 
Let the initial condition 'ipo be “close” to Mg. Then, we will show, the corresponding 
solution "0 will remain “close” to Mg, over a long time interval. A certain “symplectically 
orthogonal” projection of 'ijj onto Mg is then well dehned and traces out a unique curve 
on Mg. We denote this curve by r7o-(i), see Figure [TTTJ 


Mg 


Figure 1.1: The trajectory '?/’(•, t) over the soliton Manifold Mg. 

An essential part of this paper is to determine the leading order behavior of a{t) = 
{a(f),p(f), 7 (f),/i(f)} and to estimate error terms. To this end, let IF be a smooth, 
positive, polynomially bounded function, and dehne 

V{x) = W{eyx) (1.10) 

where is a small parameter. Furthermore, let "00 be an initial condition “eo-close” to 
7 o-o ^ Mg, for some cxo. Roughly speaking, this initial condition has length scale 
We will consider external potentials, V, as in (ITTUl) . for a scaling parameter satisfying 

he., we assume that the external potential varies very little over the length scale of 'i/jq. 
For simplicity, we choose /i = 1 and -C 1, at the price of re-scaling the nonlinearity. 

We decompose the solution of (HID into a part which is a solitary wave and a small 
part, a “perturbation”, w. That is, we write V’ as 

= Sap^{r],, + w). ( 1 . 12 ) 
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This does not define a nniqne decomposition, nnless 2d + 2 additional conditions are 
imposed. These conditions say that the pertnrbation w is ‘symplectically orthogonal’ to 
the soliton manifold Mg. 

The main idea nsed to control the pertnrbation w is to derive differential equations in 
time for the modulation parameters, a, which depend on the external potential. These 
equations appear naturally when one projects solutions of mj onto the soliton manifold. 
To control the motions of a and w, we make use of conserved quantities: the energy 

nvW ■■=\j (|V<^|" + V\^\^) d-*! - (1.13) 

where F'{'il>) = f{'ip) (this is a variational derivative), the mass (or charge) 

:= IV’rd'^a:, (1.14) 

and the “almost conserved” momentum 

'^{‘4’) \ J ~ l/’VV’) d'^^a:. (1-15) 

To achieve control over the perturbation w, we introduce a ‘Lyapunov functional’ 

A{7p, t) := K^{7p) - K^{Sap^r]ii), (1-16) 

where a = a{t) = {a(t),p(t), 7(f),/i(f)}, and where 

:= rCvi'ilj) + (p^ + - 2p ■ Vi^ip) 

-1/(V'(o) + VV'(o)-(x-o))|Vfd''x, 

he., Kfj is essentially a linear combination of the conserved and almost conserved quan¬ 
tities. Using the linear transformation u := we change questions about the size 

of fluctuations around Sap^yPp to ones about the size of fluctuations around the solitary 
wave profile In this “moving frame”, the terms in the Lyapunov functional 

introduced above take the form 

K„{Sap^u) = £^{u) + ^ y T^vlnl^d'^x, (1-18) 

where 

nv{x) := V{x + a) - U(a) - VU(a) ■ [x - a) (1.19) 

and 

£fj,{u) := 'Hv=q{u) + ixJ\f{u). (1.20) 
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In the moving frame the Lyapunov functional depends on the parameters /x and a, but 
not on p and 7. Furthermore, 7 ^ is a critical point of i.e., = 0. The 

change of frame discussed above simplihes the analysis leading to our main result. 

Simply stated, our main theorem shows that, for initial conditions i/jq Co-close to Mg, 
the perturbation w is of order e := + Cq, for all times smaller than Ce~^. Furthermore, 

the center of mass of the solitary wave, a, and the center of mass momentum p satisfy 
the following equations 

d = 2p + 0{e^), p=-VV{a) + 0{e^) 

The remaining modulation parameters /i and 7 satisfy 

p = 0{e^), 7 = h - Via) + / + 0(e2) 

A precise statement is found in the next section. 

This is the hrst result of its type covering confining external potentials. Indeed, we 
can exploit the conhning nature of the potential to obtain a stronger result than that 
of jT2j (and that stated above) for a certain class of initial conditions which we now 
describe. Consider the classical Hamiltonian function: 

h(a,p) := {p^ + l/(a))/2. (1.23) 

Given an initial condition Co-close to r/o-o £ Mg, where (Tq = {ao,po 5 7 o, ho}, we require 
the initial position oq and momentum po to satisfy 

hiao,po) - min h(a, 0) < (1.24) 

a 

with Cv < Cch < 1, for some constant C. For this class of initial conditions, our main 
result shows that the perturbation w remains 0 (e) for longer times: 

C 

^ 2 

This improvement is non-trivial. For example, it means that we can control the per¬ 
turbation of a solitary wave which undergoes many oscillations near the bottom of a 
potential well. 

Remark: We can also extend our analysis to a class of slowly time-dependent external 
potentials without much additional work. We introduce a scale parameter, r, in time: 
Vix,t) := WievX,Tt). To determine the size of r heuristically we consider 

^h(a,p,f) =p(p-H VH(a,f)) -h ^(a - 2p) ■ VH(a,f) dtViafi). (1.26) 

We want the last two terms to have the same size. The second but last term is of size 
since a satisfy the classical equations of motion to order e^. The last term is of size 
r. Thus if r is chosen to be r = C>(e^) all our estimates will survive. 


(1.25) 


( 1 . 22 ) 


( 1 . 21 ) 
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The following example suggests that accelerating solitary wave solutions of Eq. (HID 
in a conhning external potential can, in fact, survive for arbitrarily long times. Choose 
V{x) := X ■ Ax + d ■ X + c > 0 and A > 0 (positive matrix). Then (jl.l|l has the following 
solution: 


'iPixA) = - a{t)) 

(1.27) 

with 


p=-VI/(a), d = 2p, j = p‘^ + p - V{a), 

(1.28) 

where solves the equation 


—Ap + pp — firf) + (x ■ Ax)p = 0. 

(1.29) 


Thus, given a solution of the equations of motion dUHD, a family of solitary wave solu¬ 
tions is given by dnzD, for arbitrary times t. For details see Appendix iDl 

The first results of the above type, for bounded, time-independent potentials were 
proved in Ham for the Hartree equation under a spectral assumption. This result was 
later extended to a general class of nonlinearities in na. Neither of these works deals 
with a conhning external potential. In particular, their results do not extend to the 
longer time interval (ITI3D described above. 

For local pure-power nonlinearities and a small parameter e^, it has been shown in ^ 
that if an initial condition is of the form then the solution 'ijj{x, t) of Eq. (11.11) 

satishes 

( 1 . 30 ) 

ty ty 

in the topology (dual to C^), provided a(t) satishes the equation |a = VW^a), where 
V{x) = W{evx). This result was strengthened in [1^] for a bounded external potential 
and in jS] for a potential given by a quadratic polynomial in x. 

There have been many recent works on asymptotic properties for generalized nonlin¬ 
ear Schrodinger equations. Asymptotic stability, scattering and asymptotic completeness 
of solitary waves for bounded external potential tending to 0 at cx) has been shown under 

various assumptions. See for example, [23 HU 123 13 13113 IHl 0 E3 Ell E211211123113 
[I3I221- 

Though these are all-time results, where ours is long (but hnite)-time, our approach 
has some advantages: we can handle conhning potentials (for which the above-described 
results are meaningless); we require a much less stringent (and verihable) spectral con¬ 
dition; we track the hnite-dimensional soliton dynamics (Newton equations); and our 
methods are comparatively elementary. 

Our paper is organized as follows. In Section |3 we state our hypotheses and the 
main result. In Section |3 we recall the Hamiltonian nature of Eq. (HID and describe 
symmetries of HID for V = 0. We give a precise dehnition of the soliton manifold 
Ms and its tangent space. In Section 01 we introduce a convenient parametrization of 
functions in a small neighborhood of Ms in phase space, and we derive equations for the 
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modulation parameters a = {a,p, 7 ,/i} and the perturbation w around a solitary wave 
7 cr = Sap'yT]^. In this parametrization, the perturbation w is symplectically orthogonal to 
the tangent space to Mg at In Sectional we similarly decompose the initial 

condition 'ipQ deriving in this way the initial conditions, Uo and Wq, for a and w, and 
estimating wq. In Section IHl we derive bounds on the solitary wave position, a, and the 
momentum, p, by using the fact that the Hamiltonian, h{a,p) is almost conserved in 
time. In Section [3 we construct the Lyapunov functional, and compute its time 

derivative. This computation is used in Section |H1 in order to obtain an upper bound on 
A('^, t). This bound, together with the more difficult lower bound derived in Sectional is 
used in Section cni in order to estimate the perturbation w and complete the proof of our 
main result. Theorem o Some basic inequalities are collected in Appendices In 

Appendix El we construct a family of time-dependent solutions with parameters exactly 
satisfying the classical equations of motion. 


2 Notation, assumptions and main result 

Let L^ denote the usual Lebesgue space of functions, the space of functions with s 
continuous derivatives, and Hg the Sobolev space of order s. Abbreviate (x)^ := 1 -|- |xp. 

Assumptions on the external potential. Let W{x) be a function, and let 
mina,lT(x) = 0. Let {3 & lA with Pj > 0 Vj = be a multi-index. Given a 

number r > 1 let PL be such that 

|aflT(x)| < C'^axv(x)^-I^l for \(3\ < 3, (2.1) 

Hess PL(x) > (2.2) 

and 

W{x) > cy|x|'’, for |x| > Cl (2.3) 

for some positive constants GmaxV, Pi, cv, cl- 

The number r is called the growth rate of the external potential. Here Hess W is the 
Hessian of W with respect to spatial variables. Dehne V{x) \=W (e^x). Then, for r > 1, 


5fH(x) < C'yelf'(eyx)'' 1^1, for \j3\ < 3, 

(2,4) 

Hessl/(x) > pie^(ev-x)’'“^. 

(2.5) 

V{x) > cv{ev\x\y, for x > cl- 

( 2 . 6 ) 
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Assumptions on the initial condition 'ipQ. The energy space, for a given 

growth rate r of the external potential, is defined as 


JTi,, := G Hi ; G L^}. (2.7) 

Let denote the dual space of M\^r- The energy norm is defined as 

mk + ( 2 . 8 ) 


We require Yo ^ ^,r- 

In what follows, we identify complex functions with real two-component functions 
via 

C 9 = Yi(x) + iY2(x) < -»• Yix) = (Yi(x),Y2(x)) G 

Consider a real function F(Y) on a space of real two-component functions, and let F'l'ip) 
denote its L^-gradient. We identify this gradient with a complex function denoted by 
F'iY). Then 

F\Y) = F'iY) <—^ F{aY) = F{Y), 

where a := diag(l, — 1 ), since the latter property is equivalent to F^Y) = cF^aY)- 

Assumptions on the nonlinearity /. 

1. (GWP PElESlEni) Equation (ll.lj) is globally well-posed in the space C(M, 

(M, Y Remark 12.11 below. 

2. The nonlinearity / maps from Hi to H_i, with /(O) = 0. f{Y) = FY'ip) is the 
L^-gradient of a functional F : Hi ^ M. defined on the space of real-valued, 
two-component functions, satisfying the following conditions: 

(a) (Bounds) 

sup ||F"(M)i|B(Hi,H_i) < 00 , sup ||F'"(m)||hih^B(Hi,H_i) < 00 , (2.9) 

where B(A, Y) denotes the space of bounded linear operators from X to Y. 

(b) (Symmetries ^2]) F{T'ip) = Fi^ip) where T is either translation YiF) i—> 

a) Va G or spatial rotation '0(x) i—*• WR G SO(d), or boosts 

Tp : u{x) 1 —^ e^P'^u{x), Vp G M'^, or gauge transformations ip i—*• V 7 G 

or complex conjugation -0 1 —*• - 0 . 

3. (Solitary waves) There exists a bounded open interval I on the positive real axis 
such that for all /i G /; 
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( 2 . 10 ) 


(a) (Ground state jSl in El El]) The equation 

-Aip + iiip - f{i)) = 0 . 

has a spherically symmetric, positive fl solution, rj = 

(b) (Stability: see e.g., [TT)] 1 This solution, r], satisfies 

d,Jvld^x>0. (2.11) 

(c) (Null space condition: see e.g., [T2j) Let be the linear operator 

1 ) ( 2 , 12 ) 

where Li := —A + p — fd^rj), and L2 := —A + jj. — f^‘^\ri), with fd) ; = 
(^aRep(Re(/)))(//), and := Im(/)) j (17). We require that 

N(/:^) = span{ , j = l,...,d}. (2.13) 

Conditions EHSl on the nonlinearity are discussed in |T2|, where further references can be 
found. Examples of nonlinearities that satisfy the above requirements are local nonlin¬ 
earities 

0 < Si < S 2 < ^, p eR, A > 0, (2.14) 

and Hartree nonlinearities 

/(V^) = A(<1>*|^P)^, A>0, (2.15) 

where $ is of positive type, continuous and spherically symmetric and tends to 0, as 
|x| — 1 - 00. Of course, A can be scaled out by rescaling ip. For precise conditions on 4> we 
refer to 0Eni. 

Remark 2.1. For Hartree nonlinearities global well-posedness is known for potentials 
0 < V E For local nonlinearities, the situation is more delicate. Global well- 

posedness and energy conservation is known for potentials with growth-rate r < 2 0/. 
For r > 2 and local nonlinearities, local well-posedness has been shown in the energy 
space For local nonlinearities, a proof of the energy conservation needed for 

global well-posedness, and the application of this theory to our results, is missing. 

For V = 0, Eq. (Il.l|l is the usual generalized nonlinear Schrodinger (or Hartree) 
equation. For self-focusing nonlinearities as in examples and (Ed[31) . it has stable 

solitary wave solutions of the form 

r/.(p(x) := (2.I6) 
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where a(t) := {a{t),p{t),'y{t), and 

a{t) = 2pt + a, 7 (t) = pt + p^t + 7 , p{t) = p, p{t) = p, (2.17) 

with 7 G a,p G and p G M+, and where is the spherically symmetric, positive 
solution of the nonlinear eigenvalue problem 

—Ap + pp — f{p) = 0. (2.18) 

Recall from (USD that the linear map Sap^y is dehned as 

iSapyg){x) := - a). (2.19) 

In analyzing solitary wave solutions to (HID we encounter two length scales: the size 
oc of the support of the function 7 ^, which is determined by our choice of initial 

condition 'i/jq, and a length scale determined by the potential, V, measured by the small 
parameter e^. We consider the regime, 

^ < 1 . ( 2 . 20 ) 
Vh 

We claim in the introduction that if i/jq is close to 7 ^, for some a then we retain 
control for times oc e“^. Restricting the initial condition to a smaller class of with 
small initial energy, we retain control for longer times. In our main theorem, which 
proves this claim, we wish to treat both cases uniformly. To this end, let and K be 
positive numbers such that Eh G R'[ev,min^g/ ^fp] and assume 

Kao^po) ■.= ]^{pl + V{a)) <eH ( 2 . 21 ) 

(recall minal/(a) = 0). The lower bound for corresponds to our restricted class of 
initial data, the upper bound to the larger class of data. In particular, > Key. 

We are now ready to state our main result. Fix an open proper sub-interval I G I. 

Theorem 2.1. Let f and V satisfy the conditions listed above. There exists T > 0 such 
that for e := ey + Cq sufficiently small, and e^ > Kcy, if the initial condition fjQ satisfies 

11^0 ‘^aoP070^A‘0 II Hi T II ^ ('00 ‘^aopo7oh/io) I|l2 ^ (2.22) 

for some := {ao,po 5 7o, ho} G x x x J such that 


h(ao,po) < G, 


(2.23) 


then for times 0 < f < T{evyfef+e^) ^, the solution to Eq. (11 .Ijl with this initial condition 
is of the form 


0(x, t) <Sa{t)p{t)'y{t) (^) + w{x,t)), 


(2.24) 
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where ||w||hi + || ||l2 < Ce. The modulation parameters a,p,'^ and /i satisfy the 

differential equations 


P = -iVV){a) + 0{e^), (2.25) 

d = 2p + 0{e^), (2.26) 

f = ti-V{a)+p^ + 0{e^), (2.27) 

fi = 0{e^). (2.28) 


Remark 2.2 (Remark about notation). Frechet derivatives are always understood to 
be defined on real spaces. They are denoted by primes. C and c denote various constants 
that often change between consecutive lines and which do not depend on Cy, Cq or e. 

3 Soliton manifold 

In this section we recall the Hamiltonian nature of Eq. (HH) and some of its symmetries. 
We also dehne the soliton manifold and its tangent space. 

An important part in our approach is played by the variational character of (EH). 
More precisely, the nonlinear Schrodinger equation im is a Hamiltonian system with 
Hamiltonian 

:= ^ y(|V^|2 + V\ij\^) d"x - F{f^). (3.1) 

The Hamiltonian TCy is conserved he., 

nv{'f) = nvM- (3.2) 

A proof of this can be found, for local nonlinearities and r < 2, in e.g., Cazenave jH], 

and for Hartree nonlinearities in 1201. An important role is played by the mass 

■■= j (3.3) 

which also is conserved, 

Uigpit)) = MifiJo). (3.4) 

We often identify complex spaces, such as the Sobolev space Hi(M'^,C), with real 
spaces; e.g., Hi(R'^,M^), using the identihcation + i -^2 ^ =■ if- With 

this identification, the complex structure i“^ corresponds to the operator 

;). (3.5) 

The real L^-inner product in the real notation is 

{u, w) := / {uiWi + U 2 W 2 ) dfx, (3.6) 
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where u := {ui,U 2 )- In the complex notation it becomes 


(■u,w):=Re J uwd'^x. (3.7) 

We henceforth abuse notation and drop the arrows. The symplectic form is 

uj{u,w):=lm / ntcd'^x. (3.8) 


We note that uj{u,w) = {u, J ^v) in the real notation. 

Equation (inD with E = 0 is invariant under spatial translations, T^'^, gauge trans¬ 
formations, T^, and boost transformations, where 

: ijix, t) ^ ^^{x -a,t) , : 'ip{x, t) ^ e^'^ijj{x, t) , (3.9) 


7-boost . ^ . (3.10) 

The transformations (I3.9D - (I3.1()D map solutions of eq. (11.111 with V = 0 into solutions of 

dnD with E = 0. 

Let Tp : 'il>{x) h- t e^^'*'0(x) be the f = 0 slice of the boost transform. The combined 
symmetry transformations Sap^y introduced in can be expressed as 

SajrrV = - a). (3.11) 

We dehne the soliton manifold as 

Ms := {Sap^Vp ■ {a,P,7,h} e x x Ed x 1} . (3.12) 


The tangent space to this manifold at the solitary wave prohle G Mg is given by 


T^^Mg = span(^t, ^g, Zh, Zs) , 


where 

= (,°J . 


■= 


7=0 




Above, we have explicitly written the basis of tangent vectors in the real space. 
Recall that the equation (ICTl) can be written as T))(y^) = 0 where 


SPii) = HvmW + 


(3.13) 

(3.14) 

(3.15) 


Then the tangent vectors listed above are generalized zero modes of the operator := 
Sp{rifd). That is, {JC^)‘^z = 0 for each tangent vector 2 ; above. To see this fact for 
for example, recall that £'^{ 1 ^) is gauge-invariant. Hence £'p{T^rj^) = 0. Taking the 
derivative with respect to the parameter 7 at 7 = 0 gives CpZ^ = 0. The other relations 
are derived analogously (see isni). 
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4 Symplectically orthogonal decomposition 

In this section we make a change of coordinates for the Hamiltonian system 'ijj i—>■ {a, w), 
where a := (a,p, 7 ,/i). We also give the equations in this new set of coordinates. 

Let 

mi^^) ■=^ J (4.1) 

Let 

Cl := max {\\z\\]:i^,\\{eyxY/‘^z\\i^ 2 ,\\lCz\\i^ 2 ). (4.2) 

ti&i 

When it will not cause confusion, for a = {a,p, 7 ,/i} we will abbreviate 

• ‘Sap-yTJ/j,- 

Now dehne the neighborhood of Mg: 

Us := {Y ^ L‘^ ■ inf WY - r]Y\h^ < 5 }, (4.3) 

ctGS 

where E := {a,p, 7 , /x : a G G 7 G S^, /i G /}. Our goal is to decompose a given 
function Y ^ Us into a solitary wave and a perturbation: 

Y = Sap'y{VlJ. +W). ( 4 - 4 ) 

We do this according to the following theorem. Let E := {a,p, 7 , /i : a G G 7 G 

/}. 

Theorem 4.1. There exists 5 > 0 and a unique map G C^{Us, E) such that (i) 

{Y - J~^z) = 0, V 2 ; G G Us (4.5) 

and (a) if, in addition, 5 (20/)“^min(m(/i),m'(/r)) then there exists a constant cj 

independent of 6 such that 

sup ||<^'(V’)||l 2 < c_f. (4.6) 

ip&Us 

Proof. Part (i): Let the map G : x E 1 —be dehned by 

■= (V' - h?, yj = l,...2d + 2. (4.7) 

Part (i) is proved by applying the implicit function theorem to the equation G('0, ^) = 0, 
around a point {p^, o'). For details we refer to Proposition 5.1 in |12j . 

Part (ii): Abbreviate: 

(4.8) 
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where is the k\th. element of Sajry{zt^ Zg, z^,, ^s}- By explicitly inserting the tangent 
vectors, we hnd that ||fl||L2 > inf^e 7 (m(/i),m'(/x)). Thus, fl is invertible by Condition 
IHEJin Section 121 

From a variation of "0 in G{'ip, = 0 we hnd 


2d+2 

i=i 


where 


• ^jk T 5 ^‘ij^‘i,k') 

Using the upper bound of 6, and the dehnition of Cj above, we hnd 

2Ci 


sup ||<^ 


L2 < 


inf^6/(m(/i),m'(/i)) 


=: cj. 


(4.9) 

(4.10) 

(4.11) 

□ 


We now assume 'ip(t) G Us and set a(t) := <^('0(t)) as dehned by Theorem 14.11 

Write 

u ■■= = r]f, + w (4.12) 

so that w satishes 

{w, J~^z) =0, \/z e T^^Ms. (4.13) 

Here u is the solution in a moving frame. 

Denote the anti-self-adjoint inhnitesimal generators of symmetries as 

Ajj k^d+j i^i) Aj2d+i i) kZ2d+2 j 1,..., d (4.14) 

and dehne corresponding coefficients 

ttj = dj - 2pj, ttd+j = -Pj -d^.V{a), j = 1,..., d, (4.15) 


a 2 d+i = p - p'^ + d ■ p - V{a) - a 2 d +2 = -U (4.16) 

Denote 

2d+l 

a-)C:=''^^aj)Cj, and a ■ K. := a-)C +a 2 d+ 2 dij,. (4-17) 

i=i 

Substituting -0 = Sap^u into (EH) we obtain 

iii = S'^{u)+ 7 lvu + ia-^u, (4-18) 

where 

TZvix) = V{x + a)- V{a) - VU(a) • x. (4.19) 
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To obtain the equations for (a, w) we project Eqn. ()4.18j) onto T^Ms and (JT^Mg)-^ and 
use (iroi) . We illustrate this method of deriving the equations for a, for the projection 
of (j4.18|l along ir]: 

{r], fid^r] + w) = {ir], C^w + Nr^{w) + TZviv + w) + ia- ]C{r] + w)). (4.20) 

where we have used u = t] + w and + Njj{w) where := is given 

explicitly as 

Cr^w = —Aw + ]iw — f'{r])w. (4.21) 

In particular, for local nonlinearities of the form we have in the complex nota¬ 

tion, since r]{x) G M, 


CriW := —Aw -I- /iia — g{rf)w — 2gg{g^) Rew. (4.22) 

Here 

Nr^{w) := -f{g + ■«;) + f{g) + f'ig)w. (4.23) 

We find the equation for /i once we note that dt{r],w) = 0, Cri^g = 0, {ig,7lvg) = 0, 
{g, ICg) = 0 and JC* = —1C. Inserting this into (14.201) gives 

iim'{]i) = (ig, Nrj{w) + TZvw) — a ■ {ICg, w). (4.24) 

The projection along the other directions works the same way: we use the fact that these 
directions are the generalized zero modes of and furthermore that they are orthogonal 
to Jw. The calculations are worked out in detail in [T2] (See Eqns. (6.20)-(6.22) in [T^.i 


We give the result: 

g = IJi-p^ + a- p- V{a)- (m'(/x))“^ {{^^lg, N^{w) + IZyw) (4.25) 

-a ■ {ICd^g, iw) {d^g, TZyg )), 

ii=[m'{]i)) ^ {{ig,Nr^{w)+Kvw) - a ■ {lCg,w)), (4.26) 

hk = 2pk + (m(p)“^) {{ixkg, iV^(w) + Tlyw) - a ■ {ICxkg, w )), (4.27) 

Pk = -da^V{a) - ^{{d^k'JZv)v,v) + {dkg, Nr,{w) + TZvw) 

- a ■ {}Cdkg,iw)), (4.28) 

and 

iw = CrfW + N{w) + TZvig + w) + ia ■ !C{g + w) — ifid^g. (4.29) 


15 





Note that the hrst two terms on the right-hand side of Eqn. (n3Hl) can be written as 
4 feV;fr(a,/r), where 


V^g(a, fi) . ||?7At|lL2 


V{a + x)\r]^{x)\‘^ d'^x. 


( 4 . 30 ) 


Hence, 


Pk =-'^aVef[{a, n) + {m{n) \d^^Pf„Nrj{w))+ 0{\\w\\i,2{€l+\a\)), (4.31) 

where lap = 

Thns we have obtained the dynamical eqnations for (a, tc). 

Remark 4.1. The transformation 

a := (a, p, 7 , /i) ^ d := (a, P, 7 , m) (4.32) 

with P := |p|| 7 ^||l 2 and m := ^117/^11^2 gives a canonical symplectic structure and Dar- 
boux coordinates on Mg, i.e., for w = 0 

P = -daTtviSamT]^), d = dpHviSap^r]^), (4.33) 

771 d^Ttvi^'Sap'yPp) y 7 9mTCv(^Sap'yPff) ■ (4.34) 

Here VaHviSap^r]^) = {mVaVes, 2P/m, 0, -P'^/m^ + V{a) - p). 


5 Initial conditions Wq. 

In this section we use Theorem mu in order to decompose the initial condition t/jq as (see 
Figure mU) 

f’O = (^Ao d- Wq) (5-1) 

SO that WoTd“^T^-^Ms. This decomposition provides the initial conditions do and Wq, 
for the parameters, a, and fluctuation, w (determined for later times by Theorem 14 . Ij) . 
The main work here goes into estimating wq. Let ? : i—*• S be the map established in 
Theorem mu Then (Tq = 7 o! h-o} and Wq are given as ag := ?('0o) and 

:= - V^o), WoPJTp.M,. ( 5 . 2 ) 

Recall the dehnitions of /C dm, and Cj (03). Theorem mUstates sup^g^^ ||?'(' 0 )||l 2 < 

Cl- 

Bounds for wq and do are stated in the following proposition 
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Figure 5.1: Orthogonal decomposition versus skew-orthogonal decomposition. 

Proposition 5.1. Letwo be defined as above. Let := 70 ) ho} /et V’o satisfy 

Wfi’o ~ Vo-oWl^ < d (where 5 is from Theorem and let fjQ G M\^r- Then there exists 
positive constants Ci, C 2 , such that 

|do - CTol < c/||i/>o - h^ollL2, (5.3) 

Ikoilui < Ci{1+pI + IIV’o -PaollLOIlV’o -haoilui (5.4) 

and 

+ C2(1 + + ey,\aa\’ + l|</’o - + evll^/’i) - iJwllt) Wo “’(ioIIl". (5.6) 

where Ci and C 2 depend only on Cj, cj and r, where Cj is defined in (jOl) and cj in 
Theorem o 

Proof. First we consider inequality (j5.3p . Abbreviate Uo := ?('0o) and analogously for 
the components a,p, 7 ,/i of Let := kjP- Theorem 14.11 we know that 

is a C^-map. Thus, for j G 1,..., 2(i -|- 2 and some 61 G [0,1] 


(c^O - (yfip = (%(^l' 0 O + (1 - (^/^O - hao))- 

(5.6) 

Since sup^g^/^ 1 kkk)! ^ c/ the inequality ()5.3j) follows. 

Consider inequality ()5.4|1 and rewrite tc(-,0) =: Wq from ()5.2I1 as 


'^0 = ‘5aopo7o(k’0 ~ ho-o) + ‘^aopo^o^hcro ~ hero)- 

(5.7) 

To estimate this, we hrst estimate the linear operator S~^\ 


||5-‘WIIh. <2(l + |p|t‘''"IIV'l|H.. 

(5.8) 

The hrst term in (j5.7|) is in the appropriate form, for the second term we 
a C^-map. Thus for some 6*2 G [0,1] 

recall that r] is 

2 d +2 

hdo - hero = ^ (^'O - • 

i=i 

(5.9) 
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To calculate the norm of this expression, note that 


= Sap^z^^p, where := {iprjp, + Vr^^, ixr^^, irj^, 8^7]^} (5.10) 

and ||.2 p,p||hi < '/5Ci{l + Let n(a,ao) := (cr — cto) 6*2 + cxo, and dehne : = 

1 + Ipo — Pop + Po- The Hi-norm of (15.Oj) . using ()5.8|1 and (I5.1()j) is 


WVao -Paollui < |do - Uollia^p^llHiL^ 


cr=n{ao,cro) 


< 2V5Ciil + \p\^) 


p=n{po,po) 


ko - *7ol < 9Cig^\(Jo - cTo 


(5.11) 


We now calculate the Hi norm of Wq (see (E3) using ()5.3|) . ()5.8|) with momentum 
p = Po — po + Po and ()5.1H) . We hnd 


IIwoIIhi < S^dlV'o - VaoWug + IIpso -PitoIIhi; 
< 2g{l + 9CiCig^)\\'ilJo - paoWni- 


(5.12) 


The coefficient above is less then cg'^ + C, and g^ < 3(1 + Cj||'0o —ho-ollL 2 + |PoP)- Inserting 
and simplifying gives the inequality (Q- 

The quantity appearing in the third and last inequality (jsini), can be rewritten as 


{eyxY/\’„ = {evxY''’-SZyy^{{i’o - i?„) + (i?,„ - 


(5.13) 


We begin our calculation of the norm of (I5.13P by considering the linear operator 
{eyxy^'^Sap^- We have 


{evXy/’^Saprytp = Sapry{,ey{x - a))'’/^ 

and ||i5ap7'i/'||L2 = HV'IIl^- From Lemma lA.41 we obtain 

||{e„a:)’'''^5„p,<5||La < ||(tv(i - (a - a„) - ao))''''^H l^ 

< 3”“'’''"’’-‘>(||{EvX)'/y||La +92||<f|lLa). 


(5.14) 


(5.15) 


where g 2 := (e^lci — ao|)'’^^ + (ei^laol)'’^^). Using this we hnd the L^-norm of dnsD to be 


11 {eyXy/'^WQ 11 l 2 < U ( 11 {eyX) (V'o - Piro ) 11 L2 + P 2 11 - hero i I L2 

+ Wvxy^^{r]ao - hao)||L2 +P2||pao - h-7ollL2). (5.16) 

The hrst and second term of the above expression is in an appropriate form. We bound 
the third term by using dEHi), (innD and (OD to get 

ll(wa:)'’/^(pso -P<xo)I|l 2 < Ido-uol 
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The last term of (jh.lhjl is straight forward to bound: 


WVao - < 1^0 - C^ol \\daVALAa=n(ao,ao) 

I ~ I /~~ I ~ ^ 5 • 18 J 

^ 1^0 ^o| ||^p,ai||l2 ^ ^Cjg\ao (To|. 

Inserting (I^Tfl) and (I3 :thi) into (I5.16|) gives 
\WvxY'^w 4 ^;. < c(||(£,i>-'/^(V<0 - r,,,)||i,» 

+ (92 + 9(1 + 2 g 2 ))||i/io -9 ™IIli), (5.19) 

where C depend only on C/, c/ and r. We simplify this, by repeatedly using Cauchy’s 
inequality and (Q on the expression in front of the ||'0o — ? 7 o-ollL 2 -term, to obtain 

\\{eyxY/^WQ\\i^2 < C'(^||(e^a;)^/2(V’o - Wo)I|l 2 + (l + \\Yq - 

+ 411^0-h-Tol|[2 + \P2? + Yv\ao\Y)\\Yo-V^oh^)- (5-20) 

This gives the third inequality of the proposition. □ 

Recall the initial energy bound 

IIV’O - ?/<7oIIhi + WievxY^^iYo - ?/<xo)||l 2 < eo, (5.21) 

and the bound on the initial kinetic and potential energy for the solitary wave 

2(^*0 + ^(®o)) < (5.22) 

We have the corollary 

Corollary 5.2. Let (12.221) . (I2.2dj) and (12.411 - ()2.t)|l hold with < 6. Then 


|cro - cTol < c/eo, IIwoIIhi < C'leo, 

(6.23) 

\\{eyxY^‘^WQ\\i2 < Caeo 

(5.24) 

and 

h{do,po) < C^Yh + ^0 + ^v^o), 

(5.25) 

where Ci, C 2 and C 3 depend only on cl, cy (Eq. ()2.f)jl ). Ce 
constants in Proposition\5. 11 

:= max(ev', eo, e^) and the 
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Proof. Starting from Proposition 15.11 the first three inequalities follow directly through 
the energy bounds IfTTIh . (El together with the observation that either ev|ao| < cl or 
cv{ev\ao\Y < V{ao) < 2e^. We also use that e^, Cq and ey are all bounded by a constant 
Ce- 

The last inequality follows from the fact that h{a,p) := {p‘^ + V{a))/2 is a function. 
For some 9 G [0,1] 

h{a,p) - h{ao,Po) = {{p - Po)0 + po) ■ {p - Po) 

1 (5.26) 

+ 2^^ — ®c)) ■ T ®o)- 

Thus, using fl2.4jl . and {x + yY~^ < 3™®'^(o>h-3)/2) + ll/T”^)) gives 

\h{a,p) - h(ao,Po)| < c(\p-Pq\^ + |poP+ 

e^|a — Ool (l + |ey(a — ao)|^ ^ + le^aol^ (5.27) 

With p = Po and a = do above, and [do — cro| < c/Cq, h{ao,Po) < e^, (|2.23|1 and (j2.6|l we 
have have shown (El . □ 


6 Bounds on soliton position and momentum 

In this section we use the bounded initial soliton energy. Corollary 15.21 to hnd upper 
bounds on position and momentum of the solitary wave. We express the norms hrst in 
terms of h{do,Po) and the small parameters. In Corollary 16.21 we state the hnal result, 
where the bounds are just constants times the small parameters Cq, and e^. 

Recall (see (El and (El) that the potential V is non-negative and satishes the 
following upper and lower bounds: 

lafR| < Cvey{eyay-\ for \/3\ = 1, (6.1) 

and, if ev\a\ > cl then 

V{a) > cv{ev\a\y. (6.2) 

To obtain the desired estimates on a and p we will use the fact that the soliton energy, 

■=^{p'^+ V{a)), (6.3) 

is essentially conserved. We abbreviate a := {a^^,a'^,a 2 d+i,Ci 2 d+ 2 }- The size of a is 
measured by |ap := \aj\‘^ and |a;|oo := sup^<^ l'^('S)|- We have the following: 
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Proposition 6.1. Let V satisfy conditions ()6.1jl and Let ho := h{ao,Po), and set 


Ti 


G 


Ti 


(4 + 


a 


3)(1 + + ho) ’ 


^Ti 


cy 


2max(2,r-l)/2(^^^’ 


(6.4) 


where the constants Cy and cy are related to the growth rate of the potential (see (El 
and (Esd;. Then for times t <Ti: 


\p\ < Cp{\/h'o + |«|oo^ + g) and e^|a| < Ca-, (6.5) 

where Ca and Cp depend only on cl, cy, Cf^, r, d, C 3 and Ce = niax(ey, eo, e^). C 3 is 
the constant in Coro llarv \5.‘A and 

Proof. First we estimate p in terms of a, using the almost conservation of h{a,p) 


jh{a,p) = 1 (2p ■ (p + VP(a)) + VP(a) ■ (a - 2p)) . (6.6) 

Now recall the dehnitions := —p — W{a) and a*'’ := d — 2p together with the upper 
bound ()6.1|) of the potential |VP| < dfl’^CyCvlevO)'^ ^ to obtain 

\dth{a,p)\ < \a\\p\ + ^Cyd^^'^ev\a\{evay~^. (6.7) 

Integration in time and simplihcation gives 

h{a{t),p{t)) <ho + t(|a|oo) (bU + 2 ~^d^^‘^Cyev{ev\a\ooy~^) ■ (6.8) 

Recall that h = 2~^{p^ + V{a)) and that R > 0, thus \p\^ < 2h. Solving the resulting 
quadratic inequality for |p|oo > 0 we hnd that 

bloo < + Stbloo + 2~^d}-/‘^Cyev{ey\a\of)''~^. (6.9) 

The Eqn. (16.8j) also implies 

supR(a(s)) < 2 ho + 2t|a|oo (bU + 2 ~^d^^‘^Cyey{ey\a\ocy~^) ■ (6.10) 

S<t 


As can be seen in (EH) we need to consider the possibility of large ev.|a|. Let ey\a\ > cl, 
with Cl as in (16. 2 j) then V{a) > cy{ey\a\)'^. Inserting this lower bound and ()6.9|1 into 
(EH we obtain 

cy{ey\a\oo)'' < 2ho + 2t\a\oo + 3t|a|oo + d^/‘^Cyey{ey\a\ooY~^'^ ■ (6-11) 


Lemma Fa .41 shows (ev'|a|oo)^ ^ < 2 ^^Co,r 3)/2^]^ _|_ (e,^|a|oo)'’ ^) for r > 1. If the maximal 
time satishes the inequality t <Ti (see EH), then the above inequality implies 

^vbloo ^ (—{Ci + 2Cf^ + 6C|,^ + -Cy)^^'^ =: Cq, (6-12) 
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where we have used that ho is bounded by the constant Ce- Thus, either ev\a\ < cl 
holds or, for the given time interval, (ini 2 D holds. In both cases ev\a\ < Ca, where the 
constant only depends on C 4 = C^Ce, Cf^, cy, cl and r. We insert this upper bound on 
ev\a\ into (ininD and for times t < Ti we hnd 

\p\oo <Cp{\/VQ + \a\oot + ev), (6.13) 

where Cp ■.= ?> + □ 

Using the Corollary 15.21 we express the above proposition in terms of rather than 
h-Q. Recall the requirement on 5 from Theorem 14.11 

Corollary 6.2. Let V satisfy ()2.4j) - fl2.6j] and let ^jJo ^ Us C] Furthermore, let ipQ 

satisfy the e^-energy bound fl2.22j) for with 7 o 5 ho}? let h(ao,Po) < 

(i.e., (I2.23|) ). Let 


Ti := 


G 


Ti 


(e^ + |o|oo)(l + + ^v) 


, T,-.= 


I O' I -4- ' 

|^|oo “ 


where 


Cti — 


a 


Ti 


(1 + C'3)(l + Cl) 


Then for times t < min(Ti,T 2 ).' 

\p\ < Cp{y/ef + eo + ey) and ey\a\ < Ca, 


(6.14) 


(6.15) 


(6.16) 


where Cp depends on Ce = max(ey, Cq, e^^), Cy, d, r and Ca- C 3 is defined in Corolla,ru \5.‘A 
and Ca in Pronosition Ad . 1\ The constant Cy is defined in (I2.4|l . 

Proof. Under the assumptions of the corollary we have that Corollary 15.21 holds and 
hence 

h{do,po) < C 3 {eh + el + Cyeo). (6-17) 

We now modify the constants and estimates of Proposition 16.II to take the upper bound 
of ho into account. The new, maximal time derived from Ti becomes Ti < Ti. For times 
shorter than this time, t < Ti, the bound on ey\a\ remains the same. Using this estimate 
for e^lal, we simplify the \p\ estimate. Note hrst that y/ho+Cy < {^/ef+eo+ey){l+2y/Cl), 
inserted into ()6.5|) gives 


\p\ C 2 ^P^''/c + + C + |®|^)) (6.18) 

where Cp depends on C 3 , Ce, Ca and d and r. With the choice of time interval T 2 such 
that t < T 2 , where T 2 is given in (I6.14j] . we obtain \p\ < Cp{^/e^ + + c)- n 
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7 Lyapunov functional 


In this section we define the Lyapnnov fnnctional and calculate its time derivative in 
the moving frame. Recall the definition of in (ll.2()j) together with decomposition 

dni): V’ = Sap'yirjfj, + w), with tcXJT^Ms. Define the Lyapunov functional, A, as 

A := Sp{T]p + ■«;) + + w),ri^ + w) - 8^(7]^) - r]^). (7.1) 


Here we show that the Lyapunov functional A is an almost conserved quantity. We 
begin by computing its time derivative. Let := —p — W (a) and := a — 2p (boost 
and translation coefficients). We have the following proposition 


Proposition 

Then 


7.1. Given a solution xjj G to (jl.l|l . define and w as above, 

d 


dt 


A = p ■ {Va'R'VW, w) — a" ■ (a) ■ (xw, w) + R, 


(7.2) 


where 


R:=ofi ■ (iw, Vw) + 2p ■ {Va'R■vV^„ w) - ■ {'Va'R-vVi,, 


(7.3) 


Before proceeding to the proof, we recall the definition of the moving frame solution 
u defined by 

u{x,t) := + a,t). (7.4) 

Here a, p and 7 depend on time, in a way determined by the splitting of Section HI and 
the function -0 is a solution of the nonlinear Schrodinger equation (CH). In the moving 
frame the Lyapunov functional A takes the form 

A = £p{u) + ^{nvu,u) -Spivp) - (7.5) 


We begin with some auxiliary lemmas. 

Lemma 7.2. Let G be a solution to (jl.l|l . Then 


dtifi,—iV'il!) =and = 2{fi^—iVfi). (7.6) 

Proof. The first part of this lemma was proved in ^21- To prove the second part we use 
the equation 

dt{xk\fi\‘^) = iV ■ {xkfiVf) - Xk'fiVfi) - fi'fidkfi - fidk^f), (7.7) 


understood in a weak sense, which follows from the nonlinear Schrodinger equation 
m- Formally, integrating this equation and using that the divergence term vanishes 
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gives the second equation in (HH). To do this rigorously, let y be a function such 
that |Vx(a;)| < C and 


X{.x) 


/1 

a; 

1 0 

a; 


< 1 , 

> 2 , 


(7.8) 


and let Xr{^) •= x(^)- Abbreviate jk '■= {xk'ip'V'ip — Xk'ip'V'ip) and let R> 1. We multiply 
the divergence term by xr- Integration by parts gives 


(V ■ d'^x 


Jk ■ ^Xr{x) d'^x 


<^ / Ijkld'^x. 


(7.9) 


We note that jk € for all /c, and is independent of R, thus as i? —>• cx), this term 
vanishes. The remaining terms give in the limit R oo the second equation in (EH). □ 

Lemma 7.3. Let -0 G be a solution to and let u be defined as above. Then 


+ ^(77yM,M)) = p ■ {VaRvu,u) - ■ DV(a) ■ {xu,u) 

+ oAll“ilL 2 + Vu), 


(7.10) 


where a*’’ := a — 2p and a° = —p — VV"(a). 

Proof. The functional £^{u) + is related to the Hamiltonian functional by 


+ ^{'^vu,u) = Hvi'tp) + ^(/ + h)||V'llL2 -p - (iV”, 

- 1 /('-'(a) + VV{a) ■ {x - a))|Vf dX 


(7.11) 


which is obtained by substituting (El into £^{u) + ^{TZvu, u). Using the facts that the 
mass ||V’|Il 2 and Hamiltonian Tivifi’) time independent, together with the Ehrenfest 
relations. Lemma o we obtain 


A 

dt 


{Sfx{u) + -ijlvu.u)) 


{^+P-P)\\'^\\h -P - (iV’,+ p- {{VV)id,'fi) 
I ■DV(a) ■ f ix-a)\fi\‘^d'^x-VV{a) ■ 


Collecting p ■ p and p ■ VU together, and combining p and VU(a) gives 


^(^/.(m) + ^(77yM,M)) = ^\\'fi\\l2 +p - {{p + S/V)j),'fi) 

- (p + VU(a)) ■ pifi, Vfj) - hi ■ DV(a) ■ j{x 


a)\-ilj\^ d'^x. (7.12) 
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From the definition of u, (HI, the following relations hold 

||^/’||l 2 = ||m||l 2 , (iV’, VV') =p||Mi|22 + (m, Vm), (7.13) 

((VV^)^,^^) = {{yVa)u,u), {{x-a)'ilj,'ilj) = {xu,u). (7.14) 

Substitution of dm-dm into (171^ gives, after cancellation of the p ■ p terms, 

4(£,(«) + 1{-Rvu,u)) = !^\\u\\l+p- {(VK. - VV(a)ya,u) 

- (p + VV'(o)) • (iM, V«> - lo • DV(a) • j i|np d‘'i. (7.15) 

The last remaining step is to rewrite the second last term as a — 2p + 2p and combine 
its p term with the difference of the potentials, recalling the definition of 77.y, to obtain 

d 1 

— (T/,(m) + -{nvU,u)) = ^\\u\\l2 + p- {{Va'R-v)u,u) 

— (p+V17(a)) ■ (in, Vm) +-(2 p — a) ■ D^l/(a) ■ J xlu]"^ d'^x. (7.16) 

Identification of the boost coefficient := —p — W{a) and the translation coefficient 
■= a — 2p gives the lemma. □ 

The time derivative of the second part of the Lyapunov functional is computed 
in the next lemma. 

Lemma 7.4. Let he the solution of fl2.18|l . and let p depend on t. Then 

^II7mIIl2 + (P + ■ {^aTlvVu^Vu) + (717) 

where a*’’ := d — 2p. 

Proof. The result follows directly, upon recalling that £'^{ri^) = 0 and la*’' + p = |. □ 

To proceed to the proof of Proposition 17. IL we restate our condition for unique de¬ 
composition of the solution to the nonlinear Schrodinger equation, -0 G 74 H in 

terms of u\ 

u = + w and tcTJT^Mg. (7-18) 

Given Lemma o and Lemma [731 Proposition 17.11 follows directly. 
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Proof of Proposition \7.1\ Lemma I7..‘^l states 

(^a) ■ {xu, u) 

1 (7.19) 

Insert u = + w above, and use wP{rj^, iVr;^, xp^}. Recall that rj^ is a real valued 

symmetric function, hence {xp^^p^) = 0 as well as (ir;^, = 0. We obtain 


+ ^(7^yM,'u)) = p- (Va7^yM,'u) - ^ 


p ■ {{VaTivW, w) + 2{VaTlvVi„ w) + (Va7^y77^, p^)) 

- ■ DV(a) ■ {xw,w) + ^fi{\\w\\l 2 + \\p^,\\l 2 ) + ■ {iw,Vw) (7.20) 

Subtracting the result of Lemma [Z31 we hnd 

= p ■ {{VaKv)w, w) - ■ DV(a) • {xw, w) 

+ a*’ • (iw, Vw) + 2p ■ {Va'R-vV^i,w) - ■ {Va7lvV^^,V^l) + 

- [i{TZvPt,,d^p). (7.21) 

Note that the terms on the second and third line are at least fourth order in the small 
parameters. The last two lines is the dehnition of R in the proposition. □ 


8 Upper bound on A 

This section we estimate A from above using Corollary 10.21 in Proposition 17.11 Taylor 
expansion of £^{ri{t) + w{x, f)) around 77 at f = 0 , gives 

\£i.{t){u{xR)) - £^{p^{t){x))\t=o < CllwollHy (8.1) 

The remaining terms in the Lyapunov functional are estimated using the inequality 
Hessl/(x) < Ce\,\x\‘^{evxY~‘^ together with Taylor’s formula and Lemma fB.31 Further¬ 
more, we use from Corollary 10.21 that |evao| < C. We obtain for a 6^ G [0,1] 

I (7^yM, u)) - {TlvV, v) \t =0 = I {T^vw, w)) + 2{TZvV, w) 

= el\{x ■ HessR(a;6' ho) • a;, 2?7^o Re(M;o)) + \ {'RvWo,wo)\ 

< C(e^||wo||L2 + I^oIIlz + \\evx{evxY''~‘^^^‘^wo\\lY. (8.2) 

We now use Corollary 15.21 and Lemma irm in (IH21) and (IHII) to obtain 

I (7^yM, m)) - (7^yr/, p) < ^(6^0 + ^o) (8-3) 
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and 


(8.4) 


Thus, finally 


\£^(t){u{x,t)) - £f,{Ti^{^t){x))\t=o < Cel- 


|A|i=o < + e^eo). 


(8.5) 


Proposition 8.1. Let 'ijj ^ Us (1 o,nd let A, w and a be defined as above, and 6 as 
defined in Theorem \4 1\ Then 


d 


|2 

Il2 


< c[{ev + eo + y/efi)ev\\evx{evx)^'' + |Q!|ev^||(ev|x|)^/^w| 

+ {i^v + ^0 + ^/£h)^v + |Q^I)(II'*^IIhi + (8-6) 

for times 0 <t < niin(Ti,T 2 ), where Ti and T 2 are defined in Corollarv WTA 
Proof. Proposition 17.11 implies 
, d 


dt 


A| < C[\p\\{'VaP-vw,w)\ + |a*’’|| Hessl7(a)||(a;ta,ta)| 


+ |a'’|||w||L2||Vwi|L2 + |p|e^||M;||L2 + |a*"|e^ + |/i|||w||L2 + |/i|4)- (8-7) 
An alternative form of Eqn. (EUl) is 
, d 


dt 


A| < C(|p||(Va7^yta, w)| + |a|| Hess 17(a)||(a;w,ta)| 


+ (bkv + l“l)(ll'“^llL + <^v))) (8-8) 


where we have used ey < C and \aj\ < |q;|, Vj. 

Using Corollary IB. 21 we estimate the TZy terms to obtain 

|^A| < C(|p|evi|ey|x|(ev-a;)^'’“^^/^w||L2 + \a\ev{ev\a\ocY~'^\{evXW,w)\ 

+ + |a|)(||'?i’||Hi + ^v))- (8-9) 

The proposition now follows upon using ey|a| < Ca and \p\ < C{ey + + ^/ef) for 

t < min(Ti,T 2 ) from Corollary 15.21 and the inequality: 


{evxw,w) < ||(ev|a;|)^'^^M;||L2. 


Equation ()8.5j) and Proposition 18.11 yield an upper bound on A: 

|A| < Ce^ + Ce^eo + fsup |^A|. 


S<t 


dt 


( 8 . 10 ) 

□ 

( 8 . 11 ) 
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9 Lower bound on A 


In this section we estimate the Lyapnnov-functional A from below. Recall the dehnition 
(Oil of A: 

A := + w) - Ef,{ri) + ]^{nv{y] + w),7] + w) - (9.1) 

We have the following result. 

Proposition 9.1. Let A and w be defined as above. Then for a positive constant C, 

A > ]^p2\\w\W^ + Copi\\ev\x\{eyx)^^~‘^'^/‘^w\\l2 - C'||w;||hi - Cel\\w\\i^2. (9.2) 

where r and pi > 0 are defined in (El; Cq is the positive constant defined in Lemma 1X71 
and p 2 > 0 is a positive number. The constant Cq depends on the constant Ca defined in 
Corolla,rv \6.‘A bounding the size of ev\a\. 

Proof. By Taylor expansion we have 

+ w) - = ^{CrjW^w) + (9.3) 

where Cr^ := (HessL^)(r/) and by Condition Oal \R^\w)\ < C||w||h^. The coercivity 
of Crj for tcTJT^Ms is proved in Proposition D.l of ini under Conditions mm on the 
nonlinearity (in Section El). Thus 

{CrjW,w) > P2||w||hi W-LJT^Ms. (9.4) 

The remaining terms of A can be rewritten as 

{Rviv + w),p + w) - {TZvV, v) = {Ryw, w) + 2{lZvp, w). (9.5) 

In Lemma ro we show that 

Rv > CQPi{ev\x\f {evxY~'^ for r > 1. (9.6) 

Using Lemma \Em (El, (El and the fact that {IZyp^w) < C'e^||ic||L 2 we obtain the 
lower bound on A. □ 


10 Proof of Theorem 12.1 1 

The upper bound (IH.llj) together with the bound from below in Proposition 19.11 yield 
the inequality 

]^p2\\w\\h^ + Copi\\eyx{eyxY''~‘^^/‘^w\\^^^ - C'llwHl^ - Ce^||u;||L2 < Cel + C'eAo 
+ fCsup Ae + ^/efi)ey\\eyx{eyxY'"~‘^">^'^w\\‘l2 + \a\ey\\{ey\x\Y^'^w\\l2 

s<t V 

+ (('^ + \/X)e^ + |«|)(||'?i'|lA + ^v)^y (10-1) 
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for 0 < t < min(Ti,T 2 ), where Ti and T 2 are defined in Corollary 16.21 and e := + eo. 

The right-hand side is independent of the operator t 1 —s, snp^<j in the given time 
interval, we can therefore apply this to both sides of (inni) . To simplify, let 


P 


min( 


8 ’ 


CqPi 

3 


We absorb higher order terms into lower order ones. Fnrthermore, we assnme 


( 10 . 2 ) 


t < min(Ti,T 2 ,T 3 ), where T 3 


_ P _ 

C(|tt|oo + + \/^))(l + ^v) 


(10.3) 


in agreement with Corollary 10.21 Both p and C above depend on /, clarifying the need 
for e Note that 


TzC{e + ^/^H)ev < p, TsClalooev < P, and + V^)e^ |a|oo < 2p. (10.4) 


We obtain 


psup ( 411 ^ 11 ^^ 3||eva;(evx)^"' 

s<t ' ' 

< C(snp(||M;||Hi + 4lkllL2) + ^0 + 4c) 

S<t 

+ psup -f || + 2e^ 2||tc||H V (10.5) 

s<t ^ ' 

Note that g{y) := \y\ —y‘^{y)~^ < 2“\ p G M. Indeed g{—y) = g{y) and g is continnonsly 
differentiable on (0,cxd), g{y) > 0 since \y\ > y‘^{y)~^ with p(0) = g{oo) = 0. The 
fnnction g{y) has one critical point on (0, cxo) at y = (2“^(a/ 5 — 1))“^/^ with valne 
maxp = (3 — v^)(2(\/5 — 1))“^/^ < 2“^. This proves the claim. We now nse this 
intermediate fnnction g{x) to estimate the term above with We have 

ev.|x| - {ev\x\f {evxY~‘^ < g{ev\x\) < (10.6) 

We also have the ineqnalities 

C'lkll^r, < p-^C^w\\i^ + 4-VlkllL, Cel\\w\W, < C^p-^l + p\\w\\l^. (10.7) 

Thns we have 3p||tc||^^ on the right-hand side and 2p of terms containing (eyx). Moving 
those to the left-hand side of (11031) nsing the above ineqnalities and simplifying we 
obtain 

sup f||tc||Hi + < C'e'^ + C^p“^(sup ||w||hi)- (10.8) 

s<t ^ ^ s<t 

Abbreviate k := C'e^. Let 

X := sup f||tc||Hi + ||ev|x|(ev'X)evX^''“^^'^^tc||L) • (10.9) 

s<t V 7 
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Equation ()l().8j) implies 


X < C^p-^X^ + K. 


Solving this inequality, we find 

X < 2k, provided k < 

“ - 4(^2 

The definition of X and k implies 


( 10 . 10 ) 

( 10 . 11 ) 


II'M^IIhi < ce, and '^evx{evx)evx^'^ ^ ce. (10.12) 

Lemma o allow us to rewrite (inmii as < de. Inserting ()10.12j) into the 

expressions for our modulation parameters, the estimate of the Oj-terms in fl4.25ll - (l4.28j) 
gives us I a I < ce^ and time interval t < T', where 


T' := cmin(e 



1 

+ ^V\/dh 


) 


(10.13) 


Using > Key (that is, is not an order of magnitude smaller then ey), we can shorten 
the time-interval to have an upper limit of 


T" ■.= C{^ + ey^d)-\ (10.14) 

We now choose e such that p0.11|l holds and de < where 5 is defined in Theorem 14.11 
Then there is a maximum Tq such that the solution 'ip of (jl.H) is in for t < Tq. Thus 
the decomposition (D is valid and the above upper bounds for ||tc||Hi and a are valid for 
t < min(To,C(e^ -|- ey^/eP)~^). Thus there exists a constant Ct such that 0 < Ct < C, 
such that for t < Cxie"^ + ^v\fdd)~^ the theorem holds. This concludes the proof of 
Theorem 12.11 □ 


A Lower bound on l^y 

In this appendix we estimate 'R.y from below. Recall that 

■Rvix) := V{x + a) - U(a) - VU(a) • x 

and 


(A.l) 

(A.2) 


Hess U > pie^(evx)^'' 
where pi is a positive constant. We have the following result: 

Lemma A.l. Let a, x G and 0 < G M. Then (i) if r > 2 or (ii) if r < 2 and 


ev\a\ < Ca: 
where 


Ca: = 


TZvix) > Copiel\x\‘^{eyxY ^ 

in case (i) 


I 2^ — 2 + T[lEix(0, ^ 2 ^ ^ 


r(r-l) 

—-- rW2 in ccLse (a). 

2{2(l+Ci}X-^n2 ( / 


(A.3) 

(A.4) 
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Proof. Consider the case a; = 0, from the dehnition of TZy it follows that 7^v'(0) = 0, thus 
the estimate holds. Let x ^ 0, the function 7lv{x) is the Taylor expansion of V"(a; + a) 
around a to first order. The Taylor series remainder 

1 

(1 — 6*)a: • HessC(a + fe) • a^d^, (A.5) 

integrated by parts, gives the identity 



1 

(1 — 6')a; ■ Hess V{a + 9x) ■ xdO = 

{l-e)x-VV{a + ex)\l+ [ VV{a + 9x)-xd9 = 'JZv{x,t). (A.6) 

Jo 

Inserting the lower bound of the Hess V into the Taylor remainder gives the inequality 

TZv{x) > pie^|x|^ [ (1 - 6')(1 + ey\a + = pie^|a;p/. (A.7) 

Jo 

To estimate /, we hrst consider case (a), with r > 2. The integrand of I is estimated 
by the following lemma. 

Lemma A. 2. Let p > 0 and b > 0 then 



1 

2max(0,^^) 


< 


(1 + 

1 + |!/|'’ 


^ 2max{0,^-^) 


(A.8) 


This lemma is proved at the end of this appendix. For x ^ 0 denote x = a;/|a;|, 
a\\ = a ■ X, and aj_ = a — a\\x, and abbreviate 6 := r — 2. Lemma lA.21 then implies 


/ 2 \ 

(1 + el\a + xe\^p = (1 + 1 + , 7 „ (a, + |x|e)b 

^ 2max(0,V) ((^ + + 4 1 «|| + kl^r) 

where we used < 2. Thus 

i>\ + - «)l“ii + Mor^Ao = \ + (A.io) 

The integral I 2 evaluates to 

^2 = -\)|a:|2 + 1^11" “ l“lir 
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which is the remainder of a Taylor series of |a|| + |x| around ay, as expected. At ay = 0 
we have 

Ixl 


\r-2 


h > 


r{r — 1 ) 

To estimate I 2 for ay 7 ^ 0, we use the following lemma 
Lemma A.3. Let y eM. and r >2. Then 

1 


(A. 12) 


\i + yf 


ry > 


~>r-2 


Ij/I’ 


(A. 13) 


The lemma is proved at the end of this appendix. Since ay 7 ^ 0 we can pull it out of 
J 2 , and use y := |a;|/ay in the Lemma to obtain 


l2> 


\X 


r-2 


21 --V(r - 1 )‘ 


(A. 14) 


Note that the above result is a lower limit than we obtained in fjA.12|l . so we can use 
fjA.14|l for all ay. Now, inserting this inequality into (IA.10|1 and the result into (IA.7|) to 
obtain 


T^vix) > pie^IxpJ > Pi 


+ 


(A.15) 


2 '-ir(r - 1 ) 

Once again using Lemma fA.2l gives 

7^y(a;) > Cipiel\x\^{evxY~'^, 

where 

■— _ r > 2 

— ly ~ 

This concludes part (i) of Lemma lO except for the proofs of Lemma IA.2I and IA.3I 
which is done below. 

Now, we estimate the integral I for the case (ii), with r <2 and eylal < Ca- Introduce 
the change of variables p = (1 — 0)^. The integral takes the form 


(A.16) 


(A.17) 


/ = i 


2 / y2-r)/2 where 9(p) := l + €j,|a + 1(1 + 7p)|^. 

The triangle inequality together with 0 < p < 1 gives 

g(p) < 1 + 2e5.|ot + 2e5.|x|7l - Vp) £ (1 + max(2eJ|op, l)){erx}‘ 


(A. 18) 


(A. 19) 


The upper bound ey|a| < Ca and the estimate 1 + max(2e^|ap, 1) < 2 + 20^ together 
with a trivial integral gives that I is bounded from below as 

1 


/ > C 2 Y-VXY , where C 2 '■ = 


2 ( 2(1 + 02 ))^" 

Inserting this result into (EH) concludes the Lemma. 


(A. 20 ) 

□ 
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Now consider Lemma roi It is a combination of the ineqnalities Theorem 13 and 
Theorem 19 in HEI 


Lemma A.4. Let ?/ G M and b > 0 then 


1 


< 


dO,^) - l+\y\ 


(1 + ^ 


b — 


(A.21) 


Proof. Denote 


f{y,b) 


(1 +^ 2 ) 6/2 
l + \yf 


(A.22) 


We hrst note that f{y,b) = f{—y,b), thns we can restrict onr attention to ?/ > 0. At 
y = 0 we have /(O, b) = 1 and at y = oo, f{oo, b) = 1. The fnnction is differentiable for 
y > 0, the only critical point for y > 0 is at ?/ = 1, where the fnnction takes the valne 


/(1,6) = 2'/2-i. 


(A.23) 


If 6 > 2 its a maximnm, and if 6 < 2 its a minimnm, the lemma follows. □ 

To prove Lemma fA.3l we begin by stating it again. 

Lemma. Let ?/ G M and r > 2. Then 

\l + yf - l-ry> ^\yf. (A.24) 

Proof. Denote 

f{y,r) := \l + yf -1-ry - ^\yf. (A.25) 

The lemma is eqnivalent to / > 0, for r > 2. We note that / is twice differentiable at 
all points except y = —1 and y = 0. We observe that the ineqnality is satisfied for both 
of these points since we have /(O ;r) = 0 and /(—l,r) = r — 1 — > 0 for r > 2. 

Consider the derivative of / with respect to y. 

dyf{y;r) = r |^sign(l + |/)|1 + 1/1^-^ - sign{y)\yf-^ - 1^ . (A.26) 

We wish to show that / decays monotonically on ?/ < 0 and hence, that dyf < 0 for 
—1 < 2/ < 0 and y < —1. We also wish to show that / increases monotonically for y > 0 
with dyf > 0. To show this, consider first the case y > 0: nsing that (1+?/)^“^ > l + y^”^, 
we have dyf > 0 for y > 0. 

For the interval — 1 < ?/ < 0, nse that b^ <b for any b G (0,1), to obtain 


dyf{y-r) = (1 - bir-i + 2^-^\yr^ _ l < -|^| + 2^-^\y\ 

= - (1 - 22-’') lyl < 0, r > 2. (A.27) 
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For the last interval y < —1 we re-write fTOhll as 

9,f(y ; r) = -r ((|»| - 1)’-' - 2‘-'\vr' + l) . (A.28) 

Upon calculating dyf, and solving dyf = 0 for j/ in this interval we hnd that dyf has 
a maximum at \y\ = 2 with value 9^/(2 ;r) = 0. Hence, dyf < 0 for y < —1 and 
— 1 < y < 0. We have showed that / decays monotonically on y < 0 and increases 
monotonically on ?/ > 0, and /(O ;r) = 0. Hence / > 0 for all y E M., which proves the 
lemma. □ 


B Upper bound on IZy 


u 


In this appendix we estimate TZy and derivatives of TZy from above. From the proof of 
Lemma ED we have the following identity 

7lv{x) = f (1 — 6')x ■ HessU(a-I-fe) • a:d6*. (B.l) 

Jo 

Furthermore, in (Q we made the assumptions that, for P eTJ and |/9| < 3, 

\d^^V{x)\<Cvef{eyxY-\^\. (B.2) 


We begin with the following result for derivatives of TZy- 


Lemma B.l. Let a,x E 0 < e,/ G M and ev\a\ < Ca, as in Corollary 16'.M Fur¬ 
thermore let [3 E lY, with Q < j3j < 1 Vj = and \j3\ = 1 Then, (i) if r > 2: 


or (a) if 1 < r < 2: 


where 


< Ciel\x\‘^(eyx) 


max(r—3,0) 


\9^r.v\ < {ivxy t 


(B.3) 

(B.4) 


Cl := 2-‘Cvd(2(l + Cl-Cvd(6V2 + ln(l + CJ). (B.5) 

Here Cy is the constant in fl2.4jl . 

Corollary B.2. Under the same conditions as in Lemma \B. 1\ we have 

\dP,ny\<Cel\x\\eyxY-\ (B.6) 

where C depends on Ci and C 2 above. 

Proof. Use that < {eyxY~‘^ in Lemma lB.il □ 
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Proof of Lemma XB.lX For the case a; = 0, (5f7^v')(0) = 0 and thus the Lemma is satis- 
hed. For a; 7^ 0, and since V G C^, we have from (EHl that 


d 

d^nv{x,t) = '^ xiXk / {1 - 9){d^d^^d^y){a +ex)de. 

k,l=l “^0 

The upper bound on the potential, (lEl , gives 

\dajTZv{x)\ < elCv ^ \xiXk\ [ {1 - 6){1 + el\a + ex\‘^Y'’~^'>/‘^ dO, 

k,i=i 

here Cy is the constant in (I2.4p . To estimate \df^7lv\, we use the inequality 

d 

y', \XkXi\ < d\x\^, 


(B.7) 


(B.8) 


(B.9) 


k,l=l 


to obtain 

\d^7lv{x)\ < Cvdey\x\‘^ f (1 — 6')(1 + e^|a + = (iCye^|a;pJ. (B.IO) 

Jo 

To estimate the integrand, we consider first case (i), with r > 3, e^lnl < Ca- Before 
we estimate the integral /, we estimate part of its integrand with the triangle inequality 
together with ey\a\ < Ca and 6* < 1 to obtain 


1 + e^|a + 9x\'^ < 1 + 2Cl + 2|a;|^ < (1 + max(2Cf, l)){evx)'^. (B.ll) 

Thus 

\d^nv{x,t)\ <Ciel\x\‘^{eyxY~^, (B.12) 

where 

Cl := 2-^Cvd{2{l + (B.13) 

To extend this case to include r > 2, we note that for r G [2, 3] the exponent in the 
integrand of I, r — 3 < 0, and that 1 + e^|a + 9x\^ > 1 to obtain 


I < 2-\ 


(B.14) 


We conclude that for r G [2,3] \dfTlv\ < 2 ^dCvey\x\^. Thus upon changing ()B.12fl and 
flB.13fl into 

\d^nv{x)\ < Ciel\x\Yevx)^^^^^-^’^\ (B.15) 

where 

Cl := 2-^Cvd{2{l + C'2))max(r-3,0)/2^ 
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part (i) is proved. 

For the case (ii), with r < 2 we need a more precise estimate that the case of r G [2, 3]. 
To obtain this, recall that x ^ 0 and let us introduce the notations x := x/\x\, ay := a-x 

I 12 

and a± := a — ay. Then \a + Oxl"^ = + |ay + 6 '|a;|| . By the change of variables 

y = ev(ay + 0\x\) and that 1 + a 5 _ > 1 , we hnd 


r-ey(a||+|x|) 


I < 


dy 


ev X 




(1+|/2)(3-B/2 


ev X 


:h. 


(B.17) 


The goal is to show that is bounded by a constant independent of ey. To show 

this, we consider two intervals for |a;| hrst ev\x\ < 1. For this interval {evx)‘^~'^ < 
and I 2 < ev\x\, thus < 2 . 

For the intervals ev\x\ > 1 and 1 < r < 1.5. We show that I 2 is bounded by a 
constant. Indeed, regardless of the values of ay and |a;| we have 


/2 < 2 



dy 

(1+1/2) (3-0/2 


F(1 


r( 


r —3 ^ 
2 ^ 


< 6 


(B.18) 


for 1 < r < 1.5. Thus 

{eyxf-n < 6 , < 6^2. (B.19) 

ev\x\ 

For r G [1.5, 2] we need a better estimate, we use that (1 + |/ 2 )( 3 -r )/2 > (1 -|- |/ 2 )i/ 2 ^ 
thus 


h < 


rev(a^\+\x\) 


dy 




a/TT^ 


= ln( 


ev-ay + ev|a;| + A/r+”e2(ja~Ta(|2, 
6vay + ^ 1 + e^a| 


(B.20) 


To estimate this, we consider four different regions. For ay > 0 and |a;| > |a| it is 
bounded by ln(l + 4ev-|a;|). For ay > 0 and |a;| < |a| it is bounded by ln2. For ay < 0 
and |a;| < |a| it is bounded by ln(l + 2Ca)- For ay < 0 and |a;| > |a| it is bounded by 
In ((1 + 2Ca)(l + 4ev|a;|)). Thus 

I 2 < ln (2 + 2Ca) + ln(l + 4ev-|a;|) < {ev\x\Y^‘^ In (lO(l + Ca)), for ev-|a;| > 1 . (B. 21 ) 

where we have used that for ev-|a;| > 1, g > 0 we have q + ln(l + 4ev|a;|) < (g + 
ln5)(ev|a;|)^/^. Thus 

{eyx)^-^I < ln(10(l + < 2'/^ ln(10(l + CJ). (B.22) 

[ev\x\j ' 

Comparing the constants above for the I estimate we hnd that 

C2:=Cvd{6V2 + \n{l + Ca)), (B.23) 

is sufficient. This concludes the proof of the lemma. □ 
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To bound IZy from above we could use the same methods as above, but the upper 
bound will be to large to £t into the energy space. But we have the following 

Lemma B.3. For r > 1 and ev\o\ < Ca 

TZv < Ci(l + ellxl^eyxy-^), (B.24) 

where 

Cl := 2C'y(2 + 2C'2)(r-i)/2_ ^g_25) 

Proof. For r > 2, we there exists a 6* G [0,1] such that 

TZv < Cvel\x\yx9 + ay-^. (B.26) 

Since r—2 > 0 we estimate ev\x9+a\ < ev\x\+Ca and (l+2a|xp+2C'^) < (2+2(7^) 
we obtain the lemma for r > 2 as 

7^y < Cv{2 + 2Ciy^-^^/\yyx\yeyxy-\ (B.27) 

For r G [1, 2) we use that there exists a 0 G [0,1] such that 

Uv = {VV{x9 + a,f) - Vl/(a)) • a: < Cvey\x\{{ey{x9 + a)y-^ + (B.28) 

Once again ey\x9 + a\ < ey\x\+ Ca and we obtain 

TZv < Cvey\x\{{2 + 2Clt-^'^/yeyxy-^ + (C',)’-'). (B.29) 


To estimate the second term, recall (HIEED, to get 


r-2 


ev\x\ < 2 + {ey\x\) {eyx) 

To estimate the hrst term in (jB.29jl . let y = ey\x\ > 0, r G [1,2] and calculate 

y{yy-^ 


y 


/ \r—1 2/ \r—2 / \r—I/-! ^ ^ V^U) ^ V ^ ^ 

y{v) -y{y) -y{v) “ (jy) “ “ fe+M " 2 ' 


Thus 


ev|a;|(ev.a:)'' <2 + (ev|a:|) (e^a:)'’ . 


Collecting the above two terms gives 

TZv < 2Cv{2 + 2Clt-^'^/yi + {ey\x\y{eyxy-y. 
Since fIB.ddj) for r > 2 is larger than (jB.27jl we have proved the lemma. 


(B.30) 


(B.31) 

(B.32) 

(B.33) 

□ 
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C Bound in energy-space 

In Eq. () 1 (). 12|1 we show that 


||w||o := ||w||hi + < Ce. (C.l) 

We want to show that ||w||jrir — C'r||w||o- This resnlt follows from the following lemma: 
Lemma C.l. For r G (0, cxd) there exists a constant Cr such that 


0 < 1 + min( 0 , c^) < 


i + yHvY-^ 
ivY 


< 1 + max( 0 , Cr) < 2 , 


(C.2) 


where 


2 -r 1^2 


r^2, 


(C.3) 


and for r = 2, = 0. 

Proof. Denote 

f(.z) = 1 + (^' - =1 + ,-- ^-2, ^ > 1, (C.4) 

‘Z/ 

Note that for z‘^ = 1 + y"^, f is the fnnction we want to estimate for the lemma. For 
r = 2, / = 1, thus Cr = 0. The function / is at least for z > 1. Now consider r ^ 2. 
We note that /(I) = 1 and / —>• 1 as z —> cx). The critical point on [1, cx)) of / is at 
Zc ■= > 1 , where the function take the value 


fYc) 


1 + 


2 -r f2\ 

r J 


2/(r-2) 


(C.5) 


A maximum (minimum) for r < 2(r > 2). This concludes the proof. 


□ 


D A family of time-dependent solutions 

In this appendix, we construct a family of solutions to the nonlinear Schrodinger equation 
with a quadratic, time-independent potential. 

Let 'ip{x,t) have the form 

t) = eipW'(^-a(d)+i7(t)^^(a. _ (D.l) 

where is a real-valued function, not yet determined. We substitute this function into 
and let ?/ := X — a to obtain 

0 = P ■ + (7 + - a ■ p)Vii + iVr)^ ■ (a - 2p) - - /(p^) + V{y + a)fi^. (D.2) 
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By adding and snbtracting the terms (/r + \^(a))? 7 ^ and W{a) -yri^ and as nsnal defining 
TZv '■=V{y + a) — V (a) — W(a) ■ y we find 

0 = (p + Vid (a)) ■yfif,+{'y+ p^ -d-p + V{a) - y)fi^ + iVp^ ■ (a - 2p) 

+ (-A + - /fe) + (D.3) 

If we choose 

p=—W{a), d = 2p, j = p'^ + p — V{a), (D.4) 

then the Eqn. ID.31 reduces to 

0 = + pfj^ - /(p^) + 7^yp^, (D.5) 

where = fi^{y), and A = general this equation is time-dependent due to 

the appearance of a in TZy, but for potentials of the form V{x) = x- A- x + v- x + d^ 
with constant matrix A, vector v and scalar d, we have 

= iy + a) ■ A ■ iy + a) + V ■ {y + a) + d — {a ■ A ■ a + V ■ a + d) 

— {a-A-y + y-A-a + v-y) = y-A-y. (D.6) 

The right-hand side is independent of a, and hence of time. Equation (lEl reduces to 

0 = -Ap^ + ppf, - +y-A- yp^. (D.7) 

Thus, if there exists nontrivial solutions to this equation, we have constructed a family of 
solutions —a), where p^ solves (jD.7jl . Existence of solutions to a general 

class of equations that includes dEll) under some restrictions on 6 := p + y-A-y and with 
a class of local nonlinearities is shown by Rabinowitz [23] and extended to more general 
potentials by Sikarov [2^]. Sikarov require the following potential conditions: b > —c, 
where |c| < oo, 

„ inf , I|Vm||l 2 + {bu,u) > 0 (D.8) 

and that b grows to infinity in almost all directions as \y\ —> cxd. 
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